Nontrivial solutions of the equation utt = u~ -g(u) which are 2nperiodic in t and which decay as x -o oo are shown to exist ifg(a) = 0 and g'(0) > 1. Breather-like solutions, which also decay as x---,-Go, can be interpreted as homoclinic solutions in the x-dynamics; their existence is still in question for general g.
I. Introduction
Let g:~ ~ be a C 2 function with g(0)= 0. We consider the nonlinear wave equation u, = Uxx -g(u) (1) for xE [O, ~) and t~, where u is real-valued. J.-M. Coron [3] has shown that, if O'(0) < 1, then any solution of (1) which is 2n-periodic in t and which decays as x ~ oo in the sense that 2n dx ~ [u(x, t) 
x--* ~ te [O,2n) must be independent of t. The purpose of this note is to show that, if g'(0) > 1, then there do exist solutions of (1) which are non-constant and 2n-periodic 1 in t and which decay exponentially fast as x ~ ~ in the sense that (u2(x, t) + u:t (x, t) + u~(x, t) )dt < Ce -z* for some ). > 0. The main idea of our proof is implicit in the second-to-last paragraph of [3], namely to rewrite Eq. (1) as u~ = u. + 9(u) (1') and to consider (1') as a dynamical system in the "time" x, while thinking of the "space" variable t as ranging over the circle IR/2zrZ. (I would like to thank John Rawnsley for suggesting that I take this idea to heart.) We then apply the stable manifold theorem.
If g(u) = ~ sin u for c~ > 1, then there is an explicit solution to the sine-Gordon equation (1) which satisfies the specified periodicity and decay conditions, namely the "breather" (see [7] ):
This solution has the property of being defined for all xs N and decaying as x ~ -oe as well as for x ~ oe. It has been remarked [1] that the existence of such periodic solutions might imply that 9(u) is a multiple of sin u, while evidence suggesting the contrary has been given in [2] and [4] . At the end of this note, we shall present some thoughts on this question based on the interpretation of breather solutions as homoclinic orbits at 0 for Eq. (1').
II. Existence of Periodic Waves
We work in the Hilbert space ~ of pairs (u,v) , where uEHI(~/2~7/) and v~L2(~/2~_ ). Eq. (1') is equivalent to the system ux = v, Vx = utt + 9(u).
(1")
The vector field determined by (1 " (u, v)= (v,u,, + 9'(O)u) . Then E is decomposed into L-invariant subspaces Ek for k =0, 1,2 ..... where E0 is twodimensional and spanned by (1,0) and (0, 1), while Ek for k > 0 is four-dimensional and spanned by ( sin kt, 0), (0, sin kt), (cos kt, 0), and (0, cos kt). The eigenvalues c0~ of L on E~ are the solutions of the dispersion relation ~o 2 = -k 2 + 9'(0). Each Ek is also invariant under To~b~, with eigenvalues e ±~k. It follows that Tomb ~ is elliptic on the
